Large deviations theory studies the asymptotic behavior of tails of sequences of probability distributions by means of the Large Deviation Principle (LDP) and the Laplace Principle (LP). The present work is aimed to provide a functional analytic foundation for large deviations built on max-stable monetary risk measures. We introduce the LDP for monetary risk measures and establish the Varadhan-Bryc equivalence between the LDP and the LP by showing that a max-stable monetary risk measure satisfies the LDP if and only if it has a representation in terms of the LP. We prove an analogue of Bryc's lemma for monetary risk measures that are locally max-stable on compact subsets, by establishing two sufficient conditions for the LDP: one is a version of exponential tightness, and the other one covers the case when the rate function does not necessarily have compact sublevel sets. The main results are illustrated by the asymptotic shortfall risk of sequences of random variables. Principle, Laplace Principle, asymptotic shortfall risk. topological interior and closure of A are denoted by int(A) and cl(A), respectively.
Introduction
Let (X n ) n∈N be a sequence of random variables on a probability space (Ω, F, P) with values in a non-empty metric space (S, d) endowed with the Borel σ-algebra. In the terminology of large deviations theory, the sequence (X n ) n∈N is said to satisfy the where C b (S) denotes the space of all continuous bounded functions from S to R. The famous Varadhan's lemma [18] states that the sequence (X n ) n∈N satisfies the LP whenever it satisfies the LDP. A converse statement under exponential tightness on the sequence (X n ) n∈N is due to Bryc, see [4] .
Date: December 11, 2019. We thank Daniel Bartl, Stephan Eckstein, Dieter Kadelka and Ariel Neufeld for helpful discussions and comments. The second author was partially supported by the grant Fundación Séneca 20903/PD/18. 1 A rate function is a lower semicontinuous function I : S → [0, +∞] that is not identically +∞. The Let B b (S) denote the space of all bounded measurable functions from S to R, endowed with the partial order f ≤ g whenever f (x) ≤ g(x) for all x ∈ S. Consider a function φ :
In mathematical finance, such a function is called a monetary risk measure. For an introduction to risk measures we refer to Föllmer and Schied [9] . We say that a monetary risk measure φ :
For instance, the upper asymptotic entropy 4
is a monetary risk measure. Moreover, in case that (X n ) n∈N satisfies the LP, then it follows from the representation (1.2) that φ exp is max-stable on C b (S). Actually, the monetary risk measure φ exp is max-stable on B b (S) even if the LP is not satisfied, see Bryc [4] and (1.4)
In Section 3 we will establish basic properties between J and the rate function I(·) and provide for max-stable monetary risk measures the equivalence between the LDP and the LP: In order to derive a lower bound in the LDP we consider another monetary risk measure φ : B b (S) → R such that φ ≤ φ. If φ is max-stable, then it is shown in Corollary 3.9 that φ and φ coincide on C b (S) and admit the representation (1.5) (1.6) 2 We identify constants c ∈ R with the constant function S → B b (S), x → c. 3 Here, (f ∨ g)(x) := f (x) ∨ g(x) := max{f (x), g(x)} for all x ∈ S. 4 Similarly, the lower asymptotic entropy is defined as φ exp (f ) := lim infn→∞ 1 n log E[exp(nf (Xn))]. 5 As before, J B := inf r∈R φ(r1Bc ) for every Borel set B ⊂ S.
For instance, for the lower/upper asymptotic entropy it holds J A = lim inf n→∞ 1 n log P(X n ∈ A) and J A = lim sup n→∞ 1 n log P(X n ∈ A)
for every Borel set A ⊂ S. In that case, (1.6) is in line with (1.1) which by Corollary 3.9 is equivalent to (1.2) (in particular, the limit superior in the asymptotic entropy is a limit). While the case of the asymptotic entropy reduces to the classical Varadhan/Bryc lemma, the present approach allows for other max-stable monetary risk measures. In Section 5 we study the class of asymptotic shortfalls, where in the simplest case the entropic risk measure Z → log E[exp(Z)] is replaced by a shortfall risk measure Z → inf{m ∈ R : E[l(Z − m)] ≤ 1} for a non-decreasing loss function l (see [9] ), which leads to
For instance, if l(x) := exp(x 1/p ) for an odd natural number p, by Proposition 5.2 (see also Example 5.5) it holds 6
for every Borel set B ⊂ S and all x ∈ S. While we provide a version of the asymptotic shortfall which is max-stable, the maxstability of a monetary risk measure is in general easier to verify on compact subsets. Therefore, in Section 4 we study a local version of max-stability. Given a compact set K ⊂ S, we denote by C(K) the space of all continuous functions f : K → R, and by C K (S) the space of all real-valued functions from S to R of the form f 1 K + r1 K c , where f ∈ C(K) and r ∈ R. Then we say that a monetary risk measure φ :
is max-stable for every compact set K ⊂ S. In the spirit of Bryc's lemma, our second main result provides sufficient conditions for locally max-stable monetary risk measures to have a representation of the form (1.2).
Theorem 1.2. Suppose that φ is locally max-stable and one of the following conditions is satisfied:
(A) For every M > 0, there exists a compact set K ⊂ S such that −J K c ≥ M . (B) There exists I(∞) ∈ R such that for every ε > 0 there exists a compact set K ⊂ S so that
Then it holds
and φ satisfies the LDP. Moreover, if (A) holds, then I(·) has compact sublevel sets.
The previous result relies on the general representation results for max-stable monetary risk measures in Section 2. Condition (A) is a generalization of exponential tightness for monetary risk measures, and condition (B) is a variant which covers the case when the rate function I(·) does not necessarily have compact sublevel sets. Both conditions can be interpreted as a continuity condition on the rate function in terms of the Alexandroff one-point compactification S ∪ {∞}. For instance, for the asymptotic shortfall with l(x) := exp(x 1/p ), condition (A) is satisfied if for every M > 0 there exists a compact set K ⊂ S such that − lim sup n→∞ 1 n (log P(X n ∈ K c )) p ≥ M . For further details we refer to conditions (A') and (B') in Section 5.
Related literature: The origin of large deviations theory can be traced back to the famous Cramér's theorem [10] which determines the rate function for the sample means of a sequence of i.i.d. random variables, generalizing some previous partial results in statistics such as Khinchin [13] and Smirnoff [17] . Sanov [16] established an analogue of Cramér's theorem for the empirical measures associated to a sequence of i.i.d. random variables. Much of the mathematical formalism of the modern theory of large deviations is due to Varadhan, who created an unified mathematical theory. Namely, the LDP was first time introduced by Varadhan [18] , establishing his celebrated integral lemma and introducing the LP in analogy to the Laplace method. Bryc [4] established the so-called Bryc's Varadhan inverse lemma by showing that the converse of Varadhan's lemma holds true (under the assumption that the rate function has compact sublevel sets) and by proving that exponential tightness is a sufficient condition for the LDP. For more historical details and a deeper look into large deviations theory, we refer to the excellent monograph [6] by Dembo and Zeitouni and its extensive list of references.
In mathematical finance, monetary risk measures quantify the riskiness of uncertain future values of financial portfolios. This notion has given rise to a rich duality theory starting with the influential paper by Artzner, Delbaen, Eber and Heath [1] . For a detailed discussion on risk measures we refer to Föllmer and Schied [9] . Interesting applications of risk measure duality theory to large deviations have recently been studied in the literature. For instance, Föllmer and Knispel [8] studied the pooling of independent risks by means of a variant of Cramér's theorem based on a coherent version of the entropic risk measure. Lacker [14] proved a non-exponential version of Sanov's theorem for the empirical measures of i.i.d. random variables, by replacing the underlying entropy by a (time-consistent) convex risk measure. The latter result was extended by Eckstein [7] to the empirical measures associated to Markov chains. Backhoff, Lacker and Tangpi [2] obtained new asymptotic results for Brownian motion, with applications to Schilder's theorem, vanishing noise limits of BSDEs and PDEs, and Schrödinger problems.
Structure of the paper: In Section 2 we provide dual representations for maxstable monetary risk measures on Stone vector lattices and characterize the respective convex conjugates. In Section 3 we introduce the max-stable version of the Varadhan's Large Deviation Principle and prove Theorem 1.1. In Section 4 we study local maxstable risk measures and provide the proof of Theorem 1.2. Finally, Section 5 is devoted to asymptotic shortfall risk measures which illustrate the theoretical framework of the previous sections.
Max-stable monetary risk measures
In this section we fix a linear subspace X of R S which contains the constant functions m ∈ R, and f ∨ g ∈ X for all f, g ∈ X , where S is an arbitrary non-empty set. Then, X is a Stone vector lattice. We denote by σ(X ) the smallest σ-algebra on S such that each function f ∈ X is measurable w.r.t. the Borel σ-algebra on R. Further, let ca + 1 (X ) be the set of all probability measures µ on σ(X ) which satisfy f dµ < ∞ for all f ∈ X + .
Given a monetary risk measure φ : X → R, by the translation property (T) it holds
Consequently, φ is uniquely determined through its acceptance set
Alternatively, max-stability can be formulated as follows. Lemma 2.3. For a monetary risk measures φ : X → R, the following are equivalent:
Given a monetary risk measure φ :
It follows from (T) that the convex conjugate coincides with the support function,
For every µ ∈ ca + 1 (X ) we denote by ess.sup µ A φ the essential supremum of A φ w.r.t. the probability measure µ, see [9, Section A.5].
The next result provides a characterization of max-stable monetary risk measures which are continuous from above.
for all µ ∈ ca + 1 (X ). Then the following are equivalent:
By monotone convergence, we obtain
On the other hand, 
(iii) ⇒ (v): From the dual representation we obtain
This shows that f ∨ g ∈ A φ .
Remark 2.6. Discussion on the assumptions of Theorem 2.5.
(1) If (S, d) is a non-empty metric space, then X = C b (S) is a Stone vector lattice and σ(C b (S)) is the Borel σ-algebra on S, see [15, Theorem I.1.7], so that ca + 1 (S) := ca + 1 (C b (S)) is the set of all Borel probability measures on S. If in addition (S, d) is separable, then every monetary risk measure φ satisfies (2.1). Indeed, fix µ ∈ ca + 1 (S), and let ξ be a measurable µ-a.s. representative of ess.
(2) Let K be a compact subset of a non-empty metric space (S, d). Since K is separable, it follows by the same argumentation as in (1) that (2.1) is satisfied for any monetary risk measure on the Stone vector lattice X = C K (S). 
Moreover, by the arguments in the proof of [3, Theorem 2.2] it follows that the sublevel sets {µ ∈ ca 1 + (S) : φ * (µ) ≤ r} are σ(ca 1 + (S), C b (S))-compact for all r ∈ R. As a consequence, the function S → [0, +∞], x → φ * (δ x ) has compact sublevel sets.
For dual representation results of convex risk measures based on the weaker notion of continuity from below we refer to [5] .
Large deviations built on max-stable monetary risk measures
From now on we assume that (S, d) is a non-empty metric space. Throughout this section, let φ : B b (S) → R be a monetary risk measure and define
We are interested in studying sufficient conditions for the representation
2)
The following result shows that the function I(·) is minimal among those functions for which φ admits the previous representation.
where the last inequality follows by definition of I(·). This completes the proof.
For every Borel set B ⊂ S we define
The following result connects I(·) with the rate function in large deviation theory. For instance, see the formulation of the rate function given in [6, Theorem 4.1.11] .
and therefore,
As for the other inequality, let f ∈ C b (S). For every ε > 0 there exists δ > 0 so that
By taking the supremum over r > 0, we obtain
Since ε > 0 was arbitrary, we get
The proof is complete.
Proof. For every r ≤ 0, it holds from max-stability that
If in addition φ is max-stable, then
By taking the supremum over all x ∈ A we get (3.5) .
Suppose now that φ is max-stable and K ⊂ S is compact. Given ε > 0, due to Proposition 3.3 and by compactness there exist x 1 , . . . , x N ∈ K and δ 1 , . . . , δ N > 0 such that
Then, due to Lemma 3.4,
Then (3.6) follows as ε > 0 was arbitrary. 
Then, sinceĨ is lower semicontinuous it holds
where the last equality follows from Proposition 3.3.
Let φ : B b (S) → R be another monetary risk measure such that
with rate function I(·) as defined in (3.1) and J A for A ⊂ S Borel as defined in (3.4 
In the following, we will study criteria under which φ and φ coincide on C b (S) and have the same representation. The following result is a consequence of Theorem 1.1, whose proof is postponed to the end of this section. for all f ∈ C b (S). In that case, it holds I = I.
Proof. If (3.11) is satisfied, then we obtain (3.12) as a consequence of Theorem 1.1 and Proposition 3.8. Conversely, suppose that (3.12) holds. First, notice that I = I as φ(f ) = φ(f ) for all f ∈ C b (S). Since φ has the representation (3.12), then φ satisfies the LDP by Theorem 1.1. Therefore, the result follows from (3.10).
The following proposition shows that the representation (3.6) is a sufficient condition for the LDP, generalizing the well-known fact in large deviations due to Bryc [4] that the LP implies the LDP. We would like to emphasize that, in the following proposition I(·) is not assumed to have compact sublevel sets. The proof is an adaptation of the proof of [6, Theorem 4.4.13] , where it is shown that the LP implies the LDP for random variables with values in a completely regular topological space. However, [6, Theorem 4.4.13] assumes that the rate function has compact sublevel sets due to the technical difficulties of working with a general completely regular topological space. for all f ∈ C b (S), then φ satisfies the LDP. 7 Recall that for the lower bound in (3.8) we do not assume that φ satisfies the LDP. 
Proof. Fix a closed set
Since the inequality above is satisfied for every δ > 0 small enough, we have
We now turn to the proof of Theorem 1.1. The argument is an adaptation to the present setting of the proof of the classical Varadhan's lemma, see e.g. [11, Theorem III.13, p. 32]. For the sake of simplicity in the exposition, we state and prove the result for a metric space. However, the statement is valid for more general topological spaces. First, the argument that proves that the LDP implies the representation (1.5), and also all the previous results in the present section except Proposition 3.10, are valid for completely regular spaces. 8 Second, the converse (which is a consequence of Proposition 3.10) is valid if S is normal. 9 If, in addition, we assume that the rate function I(·) has compact sublevel sets, then Proposition 3.10 is also valid for completely regular topological spaces. The argument follows from an adaptation to the present setting of the proof of [6, Theorem 4.4.13] .
In the following proof, we only use the boundedness from above of the function f ∈ C b (S) to prove the representation (1.5). Therefore, in the situation of Theorem 1.1, the representation (1.5) holds for any continuous function f : S → R that is bounded from above. Then C = N i=1 C N,j . Since C N,j is closed and φ satisfies the LDP it holds
Then, by (3.14) we obtain
Hence, since φ is max-stable we have
for all r ≤ − f ∞ , and by letting r to −∞ we conclude
This shows the representation (1.5). Finally, the converse follows from Proposition 3.10, which completes the proof.
Locally max-stable monetary risk measures
Throughout this subsection we consider a monetary risk measure φ : B b (S) → R. Given a compact set K ⊂ S, we denote by C(K) the space of all continuous functions f : K → R, and by C K (S) the space of all real-valued functions from S to R of the form f 1 K + r1 K c , where f ∈ C(K) and r ∈ R.
for all f ∈ C(K) and r ∈ R, where
Proof. Let (f n 1 K + r n 1 K c ) n∈N be a sequence in C K (S) such that f n 1 K + r n 1 K c ↓ 0. By Dini's lemma it follows that f n 1 K + r n 1 K c ∞ → 0, so that φ(f n 1 K + r n 1 K c ) ↓ 0. This shows that φ | C K (S) is a max-stable monetary risk measure on the Stone vector lattice C K (S) which is continuous from above. Hence, in view of Remark 2.6, we can apply Theorem 2.5 and obtain that φ | C K (S) has the dual representation
If x ∈ K, then one has
On the other hand, if x ∈ K c , then
The proof is complete. Proof. As for (i) suppose that K ⊂ S is compact and fix
Since by Tietze's extension theorem every f ∈ C(K) has an extensionf ∈ C b (S) such thatf | K = f , we conclude
Finally, notice that (ii) is a direct consequence of Corollary 3.5.
We next turn to the proof of Theorem 1.2.
Proof of Theorem 1.2. Fix f ∈ C b (S) and set a := sup x∈S {f (x)−I(x)}. By definition of the rate function I(·) one has that φ(f ) ≥ a. Thus, we have to prove that φ(f ) ≤ a.
We first assume that condition (A) holds. Fix M > 0 and choose a compact set
By choosing M large enough, we obtain that φ(f ) ≤ a, which shows (1.7).
We prove that I(·) has compact sublevel sets. Given r ≥ 0, there exists a compact set K ⊂ S such that −J K c ≥ r + 1.
Then we have I −1 ([0, r]) ⊂ K, since otherwise there exists x ∈ I −1 ([0, r]) such that x / ∈ K, which by Lemma 4.2 would imply r ≥ I(x) ≥ −J K c ≥ r + 1. Since by definition of the rate function the sublevel sets are closed, it follows that I −1 ([0, r]) is compact. Now, suppose that condition (B) holds. Fix ε > 0 and choose a compact set K ⊂ S such that I(x) ≤ I(∞) + ε for all x ∈ K c , and −J K c ≥ I(∞) − ε.
Definef :
Thus, by Lemma 4.1 and Lemma 4.2 we obtain
As ε was arbitrary, we derive (1.7).
Finally, since φ has the representation (1.7), φ satisfies the LDP due to Proposition 3.10. The proof is complete. Under condition (A) the rate function I(·) has compact sublevel sets. However, the following example shows that the compactness of the sublevel sets of I(·) is not a sufficient condition for the representation (1.7) . In this case, the rate function is explicitly given (see (5.9)) by Any compact K ⊂ N is finite, hence K ⊂ K m for m large enough. Then 0 = J K c m ≤ J K c . Since by definition J K c ≤ 0, it follows that J K c = 0. We conclude that condition (B) is not satisfied as I(·) is not bounded on the complement of a compact subset, and that condition (A) does not hold as I(∞) = 0 < +∞.
Next, we show that φ exp does not admit the representation (1. We conclude that the compactness of the sublevel sets of I(·) is not a sufficient condition for the representation (1.7).
We next provide an example where condition (A) does not hold but condition (B) is satisfied. 
Since ε > 0 was arbitrary, we get J A ≤ − inf x∈A I(x).
A similar argument shows that condition (A) together with the max-stability of φ implies the LDP.
Illustration with shortfall risk measures
Given a non-decreasing loss function l : R → R the shortfall risk of a bounded random variable Z : Ω → R is defined as
For further details on shortfall risk measures we refer to [9] . In the following we consider a sequence (X n ) n∈N of random variables X n : Ω → S. Moreover, let (l n ) n∈N be a sequence of functions of the form l n = exp(w n (·)), where w n : (−∞, +∞] → (−∞, +∞] is a non-decreasing function with w n (0) = 0 for all n ∈ N. We work with the generalized inverse w −1 n : (−∞, +∞] → [−∞, +∞], given by w −1 n (y) := sup{x ∈ R : w n (x) ≤ y}, with the convention sup ∅ := −∞. In addition, we assume that lim sup n→∞ w −1 n (a + a n ) = lim inf n→∞ w −1 n (a n ), lim inf n→∞ w −1 n (a + a n ) = lim sup n→∞ w −1 n (a n ) (5.1)
for any a ∈ R and every sequence (a n ) n∈N in [0, +∞]. Proof. We prove the result for φ. The argumentation for φ is similar. Let B ⊂ S be a Borel set. For every r ∈ R we have
Applying (5.1), we get
By letting r → −∞, we obtain B) ). On the other hand, for every r ∈ R we have
From there, we get φ(r1 B c ) ≥ − lim inf n→∞ 1 n w −1 (− log P(X n ∈ B)).
By letting r → −∞, we obtain J B ≥ − lim inf n→∞ w −1 n (− log P(X n ∈ B)). Finally, for x ∈ S, it follows from Proposition 3.3 that
By noting that −J K c = lim inf n→∞ w −1 n − log P(X n ∈ K c ) for K ⊂ S compact due to Proposition 5. As a result, we obtain the following generalization of Bryc's lemma. Proof. We prove (5.2). The representation (5.3) follows from a similar argument. We first assume that S is compact. Fix f ∈ C(S) and ε > 0. By compactness, there exist x 1 , . . . , x N ∈ K and δ 1 , . . . , δ N > 0 such that
Then, it holds
where i n := arg max 1≤i≤N exp w n (f (x i ) + ε − m) P(X n ∈ B δ i (x i )) . Then, by assumption (5.1) and Proposition 5.2 we have
In a second step we assume that S is not compact. Fix a compact subset K ⊂ S, and x 0 ∈ S \ K. Further, let (Z n ) n∈N be the sequence of random variables with values in S defined as Z n (ω) = X n (ω) if ω ∈ X −1 n (K), and Z n (ω) = x 0 otherwise. Define
Since K ∪ {x 0 } is compact, it follows from the previous argumentation that φ K is max-stable. Moreover, since for every f ∈ C(K) and all r ∈ R it holds
it follows that φ | C K (S) is max-stable. This shows that φ | C K (S) is max-stable for every K ⊂ S compact. Since by assumption one of the conditions (A) or (B) in Theorem 1.2 are satisfied we get (5.2). In addition, by Theorem 1.2, φ satisfies the LDP, hence the inequalities (5.4) and (5. In addition, it can be checked that (5.1) is satisfied. Then, from Proposition 5.2 we obtain J A = lim sup n→∞ 1 n log P(X n ∈ A), (5.7)
J A = lim inf n→∞ 1 n log P(X n ∈ A), for all x ∈ S. In this case, condition (A') corresponds to the exponential tightness of the sequence (X n ) n∈N .
Example 5.5. Let p be an odd natural number. Let l n (x) := exp(nx 1/p ). Then, w n (x) = nx 1/p and w −1 n (y) = 1 n y p , and it can be checked that w −1 n satisfies (5.1). By Proposition 5.2 we get the following rate functions for all x ∈ S.
5.1.
Alternative formulation of asymptotic shortfall risk. We have seen in the previous subsection that the asymptotic shortfall risk measures φ, φ in Definition 5.1 are locally max-stable on C K (S) for all K ⊂ S compact. In this subsection we provide a modified version which allows for global max-stability, however the rate functions are more complex. We start with a simple criterion guaranteeing that a risk measure is max-stable. By assumption, we get φ(f − m) ≤ 0, and therefore ψ(f ) ≤ m. This shows
that is, ψ is max-stable on B b (S).
In the following we consider a sequence (l n ) n∈N of increasing continuous functions l n : [−∞, +∞] → [0, +∞] with l n (−∞) = 0 and l n (+∞) = +∞, such that lim sup n→∞ l −1 n α n + β n ≤ lim sup n→∞ l −1 n α n ∨ lim sup n→∞ l −1 n β n , (5.13) lim inf n→∞ l −1 n α n + β n ≤ lim inf n→∞ l −1 n α n ∨ lim inf n→∞ l −1 n β n (5.14) for all sequences (α n ) n∈N and (β n ) n∈N in [0, +∞]. Since l −1 n is increasing, the right hand side of (5.13) is dominated by lim sup n→∞ l −1 n (α n + β n ), which shows that the inequality in (5.13) is an equality. Similarly, the inequality in (5.14) is also an equality. where l −1 n denotes the inverse of l n . Straightforward inspection shows that ψ and ψ are monetary risk measures on B b (S). We define the respective rate functions I(·), I(·) as in (3.1), and J B , J B for every Borel set B ⊂ S as in (3.4).
1 n w −1 w(nε) − log(P(X n ∈ B δ (x)) for all x ∈ S.
